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INTEOD0CTOET NOTE. 

The foUowii^ pages wore left In alieets by the late Dr. Matteson at his 
death, which ocourred on Dec. 15, 1876. Had he lived, he would undoubtedly 
have added many pages of interesting prohiems and eolutlona to the existing 
number. 

Having recently purchased front the guardian of the heirs the entire edition, 
consisting of only a few hundred copies, I decided to i^ue it with the addition 
of cover, title-page, and this note. 

The ftuthorBhip of the solutions, as nearas can now l>e ascertained, is given 
l)elow. A considerable portioa of this information has been furnished by Mr. 
Retjbbn Davis, St., of Clifton, Kansas, one ol tlie most ingenious of living 
" Diopliamtists," who rendered valuable assistaEce to Dr. Matteson in the 
compilation of the worli. 

The solutions of Problems 1 and 4 are by the late Abijah McLean, Esq., 
of New Lisbon, Ohio, who was very skillful in handling Dlophantine Problems 
of great difficulty. 

The solutions of Problems 5, 7, 9, 22 and 24 (except the last two paragi'aplis 
of tiie solution of 22 which arc by Mr. Davis) are from the pen of the late 
lamented Dr. David Shhkmab Hakt, of Stonington, Conn., who was one of 
the ablest, if not the ablest, of the DlopliaQtino writers of his time. 

Dr. Habt also rendered efQeient aid to tiie compiler in the revision of many 
difficult solutions. 

The solutions of Problems 6, 8 and 12 (except the last two paragraphs of 
the solution of 12 which ai'c by Mr. Davis) are by Dr. Matteson. 

The other solutions are mostly the work of Mr. Davis, with some slight 
modifications by Dr. Matteson. 

The following errors have tieen noted by Dr. Habt, Mr. Davis, and the 
writer ; 

P^e 4, line 3 from the bottom, for ' ' because y is odd " read because x is odd. 

Page 7, line 23 from bottom, for "three squares sought" read three equi- 
differeot numbers from which are obtained the tliree squares sought. 

Page 8, line 1,/or "of the natural series" read in the natural series. 

Page 8, line 2 troiu bottom, for "nad" read and. 

Pago 9, where "of the natural series" occurs, read in the natural series. 

Page 11, iine 13, /or "13 = 3' + l="reBtf 13 = 3'+2!. 

P^e 14, formula (14) should be , 

[(-a& + ac + bc)aj-4B6c=]= 

~ Sabc{-ab + ac + bc){ai-ae + bc)(ab + ac-bcj' 
and to preserve the sign of x unchanged in (14) as well as in (15), the relations 
between a, b, e, must be such that the smn of any two exceeds the other. 

Page IE, lines, right-hand member of equation, /or "-b^c^" read -36'c'. 
AETEMAS MAETIN, 

WashingUm, D. G., July 2, 1888. 
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Diophantine Prol)Iem. 

It is requii-ed to find four affirmative integer aiumbers, such that 
the sum of every two of them shall be a cube. 

If -w^e assume the first^(*-*-|-j^ — ;"), the secoQd=|-(a^ — ''frV'^^), 
the third?=^C — =^+1''+^ )! ^nd the fourth=;w^ — ^("^'+3/' — ^ ) J then, 
the first added to the seoond^^a^, th-e first added to the third^^*/', 
the second added to third— a", and the first added to the fourth- 

Thus four of the bIk required conditions are satisfied in the 
tation. It remains, then, to make the second plus the fourth=; 
"»' — s^H-s"— cube, say=:w', and the third plus the fourth=^ — :i?-{- 
s?:^CTibe, say^=^M'. Transposing, we hav* to resolve the equalities 
ii'-|-^=^m'+^=m'+^ ; and with values of a;, y, z, in such ratio, 
that each two shaill be greater "than the third. 

Let us first resolve, in general tei-ms, the -sqaaiity ^j'-j-^^w'-j-^. 
Taking n—ra+i, 2=« — 5, io=o-\-d, y=e—d, the equation, after 
dividing by 2, becomes aia?-{-^b'')=^o{G''-\-%d'''). Now assume 
u=^Znp-{-Zmq, br=mp — Znq, c^^Zm'-{-Zms, and il^^inr — 3ms. Srrb- 
stitnting these in the preceding equati-on, it beeoraes '{%n^-\-Zmq) 
[(.'3H^+8my)'+3(mj5— 3w$)^^(3»?-+333is)XCC3m-+Sm«)»+3(m) — 
3ks}']; or, (3n.p-f 3m5')(^'+3y>)3(m'-i[-3M')=C3«,?-+3ms)(»-=-|-3a')X 
3(m^-!-3w.') ; which, dividing by the common factors 8.3(m'-|-3M^), 
reduces to ()i^+»ij)(p'+3j>}=(nr+m8)(r'+3s'); or, np{_p'-\-Bq^~) 
+}«!r(i''+3^=)=M.rO-'+3s')+)naCj-=+3a'); 

.-.m-.n:: r(j^^3s')-io(i9'+3?') : ?(j>'+S9^}^s(r=+3s') -, and, if 
we take m^=^{r^-\-Zs'')—p{p''-{^Bq''), then ■w^?[^'+S^)— «(j-'+&s>). 
a—%np-\-Zmq~i%vq—Zps){^-\-%^), 
S=mj?— 3n2=(j3rH-33's}(r'+3s')— (^'+3y=}=, 
c^^m^-\-Zma^{^rq—Zps)ip^-{-^^), and 

v=a-\-i=(^rq^^s-\-pr-\-^qsXr^'\-^^)—ip^-\- %q'f, 

2=a— *^(3?-j— Sps— ^jr— 3?»)(r=+3s')+( i^'^ ^y, 

W=C+(?=(3)-5'— 3pS— jfW— %8)( ;P'+ 3^*) +(7^+ 3s')', 

y=c—a=(:^i-q—%pe+pr^Zqs)ip-'^- Sy'}-(^+ 8s'}'. 

We have thus an'ived at general expressions for the values of «, z, 

w, y, such that v'-\-^=w^-\-'!^^l%{rq--^s)(f^'^Ss''){p''-\-Z^')y_ 

[{f-\-3s^y—{2pr^Qq3)(f-\-Zs^{p^-\-%q^)-\-{p^+^y], as wiU ap- 

pear'from actual in vohition, &c. 

Bnt, to have the final answer in positive rrunibors', u must nearly 
=^3^, and w nearly^^S;/. 

Taking jr)=6, ?=14, r—1, and s=14 ; there results 

?i—48.49,!4.13— 4eM 3^=48.49.14— 48'.]S=13.2976, 
2=—49.49.12.13+48'.13^=—49.49.l2+48M 3=13.1140, 
wi=— 49.48.12.13+49'.13^=— 49.48.l2+49M3=lS.-2989, 
»/=48.48.14.13— 49M3'=48.48.14— 49'.13=1S.1043. 
Having now, (dividing by the common factor 13), 
(2976)'+(;il40)':=;(2&89)'+(1043)==278387l4l76=7'.3^.4M3.,3613; 
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it remains to find, two otlier cubes, m' and 3?, such that i^-\-o?=^'i^.Z''. 
4'.13.3613. This we shall accomplish, if we succeed in dividing 
13.3613— Cl'4-S2=).(D5'+3.140 into two cubes. Now, it is demon- 
strable that when the sum of two cnbes is of the form (a"-j-3i=)( 
c'-|-8t?) ; and the relation of the quantitiesis such that (a''^-3d'}= 
either 3(?-^c, or — Zd, the cnbea themselves will be 
-^(a'+35'-j-c+i^)' and \(_a''-\-^b''^G — (?)', for the sam of these cubes 
equated to the assumed sum, is 

■|[2(«^+3S=)=+6(c-hd)V+35')]-(«'+36^)Cc=+3rf^), 
or (o'+350'+3(c+d)'-4(<!'+3<?), 
or {a?-\-Zb''y^d'~Qcd-\-d^^(c—Z<Tf^(fid—cy. 
Wherefore, a^-\-Zb^=:c — 3d, or, =Zd — c, as was to be shown. 

In the example before us, a:=I, 5=2, c=55, (fc=14, and <j'-f-35^;= 
lB=c—Zd^65—Z.l4; then ^{a^-{-Zb''-\-c+d)=il, and lia^+^b^^ 
c—g)=—2?,, and (41)'— (28)==13,36I3; and, instead of the sum^ 
we have found the differenoe of two cnbes^l3.3613. 
But, Mathematicians have shown that 

--'■'-{'^y+ii^^p-y: i. -i"'-. -Hng ».4, 

^^^28, we immediately obtain 

/lOSJ 640\» /341899\' , 

Multiplying, now, by the reserved cube factors, 7'.3'.4', we iind 
80285920 ^ 95'73n2 , ,, ^ ... . , 
m:^ 1 00fl7 ' ^ J^= 10097 ' ^^'^^®^ ^"^^^ likewise have the prop- 
er ratio to insure positive numbers in the question under solution. 

Thus, for «'-|-e?^«)'4-^=m'+*'j we have found 

C5Sf2)"+(5S?)=C^»»)-+(i««)-=(.««.+(n»,.. 

or, since y is odd, multiply by 10067X2, for integers, and we have 
u=6O57l840, te=23021160, 1/^21062342, 2=19146344. 
With these values, we at once obtain the following answer: 
K«^+!/'—^)^20809l 3082 9564561 42636, 
1(3:?— i/'+i^)=49378013475]O68O732e4B, 
i(— ^+!/'+^')=V26281047641001616gOS2, 
(,3__|fj;!_^j^_^^2 149721 086 932415 8 9340948. 
Being four numbers as required, such, that the sum of every two 
of them is a cube number; resulting in the six cnbes, (19146344)', 
(21062342)', (2302H60)', (30097344)', (60359866)', and (60571840)'. 
This answer, it will be observed, is the same as that contained 
in the MatJiematieal Miseeilani/, which was communicated hj 
Wm. Lenhart, where it was found from an inspection of a Table 
of Cube Numbers. Here, the given solution is independent of 
Tables, and we believe the numbers found to be the least possible. 
&SSSM!MW^TJ&JV : With regard to the assumed numera-l 
values otp, q, r, s, in this solution, we began with the smallest 
integers, 0, inckmve, and soon found the numbers 6, 14, 7, 14, to 
answer the piu'pose in hand, namely: to produce four cubes such, 
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that v'-\->!'=^w'~{-i^, and which shall have the pi-oj)er ratio to pro- 
dnee positive numbers in the answer. There are, however, nn in- 
definite numher of values for p, q, r, s, that will result in preeieely 
the same values of a, x, w, y, when reduced to the lowest tennH, 

In fact, any values of ^, q, r, «, of the modulus 
p=:Tri,p'-\-3nq' ; q^ — np'-\-mq' ; r^^mr' -\'Zms' ; s= — nr'-\-m^ ; will, 
after dividing, result in the same valnoa of «, a, to, y, since »t- and 
n thus disappear, and the general expressions for v, «, m, y, reuiain 
of precisely the fonner modulus. Thus, if^', q', /, s', be Te.'pec- 
tively 0, 14, 1, 14, audm=l, n— 2; t\\u\ p—^Q, q^^2, r=91, ^--fi, 
and the same answer results, after dividing by (!rt'-l-3n')'^It59. if 
p'=.%, y'^^14, /=7, s'=14, m^]4, Ji=9; then p=^4C2, 7— -142, r- 
476,8=133; andnow, ifW^SS, «,'=14, then ^5=313T4, q---i^i'l, 
)-^:3l766, 8^651 ; all which will result in the same aaswer. 

We have given a successful metliod ofiindiiig two cubes, wlio'r 
fl(()7it^l3.361S; or rather, in the first instance whose <U^i:renci- 
13.3613 ; and here we desire to add, that when such cubes are in 
tegral, they may be found by assuming/+j7, nndf—j/ for the root,, 
when the sum is an even minsber ; oi- Hf+ff) ami ^(f—ff), wbfti 
the sum is odd In this case it is odd; then K/+?)""i"K/'~i'')"'-" 
13.3013 ; consequently, f(f^-^3f)—i.lS.S6ia. 

Now, since 3613 is a prime number, evidently greater than /', 
/, if an integer, must be one of the factors, 1, 2, 4, 13, 23, or 5'2. 
On trial, we succeed ouly with 13=:/, in which case, ,i7^=;C0, ainl 
thence i(/+f?)^^41, and ^( f—g)^^ — as, as before found. 

^f8 invesMgation ftsr a tU^erenS asiswet'. 

We have, on the first page, 

a=(3rq—32}sXr^-\-3s-), 

c^^(Zrq^Sps)(p^~\-Zq% and 

d=(r^+9s''y-(pr+dqsXp'+Sq''). 
Let ua now make r'-\-3s' divisible by^'-j-35'. This is done by put' 
ting r==.3n'q~\-m'2}, and &=m'q — i-^p \ for then t*-\-Zs^ becomes 
(m"-|-3n.")(^M"'5(^0- By substitutioD, wo obtain 

■h=^d{ni^^3rJ%p^+3<ff-{p'-^3cf)\ 
,;=3«'(^'-[-3j')', and 

Dividing now by the common factor {p^-\-3q^f, we have 

«^3n'(m'=-|-3w'0=3j/^(/=-H3^'), 

6=m'(m"+3n")-l=/;i{/'+3/)-/A 

e^=3«.= S(/A', and 

(f=(m"+3«'7— ?«'=(/=+ 3/)—//.= ; that is, after puHii!,^ 
m'^=f-^h, n':=^ff-i-h, and multiplying by A'. 

Whence, (aad changing signs for positive number:-<) wc liaie llii- 
following theorems : 
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Beginning witli the least numbers, we soon find that with /=^5, 
ff=^S, and h=^li, the least values of v, ?., w, y, to answer the ques- 
tion, will reenlt. Then 15, s, \b, y, will he, respectively, 66138, 
49686, 982^5, 3:i487 ; wMoh, by dividing by the common factor 
l4T^(0=-l-3.'?^), become 654, 338, 675, 221; ao that CCSiy+Csas)' ' 
.— (676)'-f (221)*, These are smaller numbers than those before 
found, within the relation to produce affirmative results, But, in 
attempting to find two different numbers, u and a;, such that if°+^ 
—tlie same sum, by either of the methods herdn before employed 
snccessfully, we fail. We are, therefore, in this instance, driven 
to the following .prolix, but equally well-known method : 

I. i« known ,1„..<^+*.=(2(5±|1)-(*<^±P-)'; in 
which, substituting (j=675, and 5^^221, we obtain 
/ ^ 1, , / •., /222165852975\'' /13832116203l\' ,, ,„ 

iuid from another equally well-known Tlieoiem, we next have 



222165S52975 ^,_ 1383^1162031 
■ 296753014 



herein 

Wherefore, 



h'(2(^'—b"') 2667483866296I4n46S14629941SS44129218fl4 28972'9 
a'^-[-:fy"i — 4039417275545528891152791084460820136090324 ' 

a"{a"—2ii') 1260271634077571065592737206883736641712284175 . 
(('--^fi's " i0394172755465288911527m084460320438090324 
We have now the numeral values of w, «, w, x, y, z, such that 
im'-|-!?=w'-j-.i/''^u"+^' ; and, at the same time, those of x, y, a, are 
such as to insure all the numbei-s, in answer to the proposed qnes- 
tion, toTje aifii-mative. Multiplying all the numbers by the com- 
mon denominator, in the aboi'e fractional values ofu and a:, ive get 
integral values, as follows: 

•K=205748S86629M4114661 5629941994412921894289739, 

U=264177889820677689481S9253692S7049566203071896, 

50^2726606660993232001528133982010716394460968700, 

:t— 126027l634O7757lO66S9273729688373664l7l2334l75, 

y— 892711217895561884944766829665730816375961604, 

^=136532303913438876520984338654758880739852951 2. 

These nniabera are believed to be prime to each other, and are, 

therefore, in-cducible by any common factor; and, if substitnted in 

the notation with which we set out, namely: 

or (because yis odd) in the equivalent expressions 

A{x'-\.y>~^% 4(a=-y»+."), 4(-^:.=+«^+^»), 8«'-4(x^+3/'-^}, 
will give four numbers such as arc required in this problem. 
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2. Fiud three iiitegi-al niimljcrs in arithmetical progression, 
such that their common difference shall be a cnbe; the sum of any 
two, diminished hy the third, a square; the sum of the roots of the 
required squares an 8th power; the first of the required squares 
a Ytb power, the second a 3th power, the third a biqnadrate, and 
the mean of the three required numbers a square. 

Solution. Let [(:^'-^+l)?/^ (^^+1);/', imd(x'+a:-[-l)y'] ._. . [ff], 
represent the three numbers in arithmetical progression, their com- 
mon difierence being xif. Then must \ (a?— 2i4-l)j'==n ■ ■ ■ \X\i 
C^+IXV'-D ■ ■ ■ [2], and (^H2^'+l)?/'=n ■ ■ ■ [3] ^ - . [.!]. 

[I] and [3] are squares. To make [2] a square, let a^-4-l=^(a;—^yj 
then will te=(j/ — 1)h-2/). This value of a; in \_A\ changes it to 

< 1^-2^7—; ^ ■ ■ ' W, (,"2^ )'J ■■■ [5], \c^—) y 

...[6] )■ . . . [jy], all squares; the sum of their roots being 
(~^) y--- m- L«t y=^p>^ the.i [JS-] aud [7] b.con,.., 

...[10],and (fc-').'..,[ll] i-...[r;]. [lijisasqum-c ami 
[10] a biquadrate when p^--l. Putting y-hl for /;, [10] aiid. 

[II] will be {^2y-I-l)'«'...[12], and(''|H-3?+l)'^'---D3}. 

Assume -|+25-+l=(5-r— 1)=, then -/=^^|*. Sub.stitutiu,!,^ 

this value of q in [13], we obtain /o^i__i i» ~l — n.-i i ~i"^- 

Adding these tenns, and rejecting the squai'e doiioniin\itor, tho 
result is 4r'-i-24j^+44j-'+36j-+13, which mafee={2*'H6j-+2y-'; 

tlien will »■— 4- !?=^^''=8,.and^=!?+l-9. 

Substitrrting this value of jo in [ C], we shiill have 
-1 31V . . . [14], 4iy . . . [15], 7V . . . [16], ll'i' . . . [17] \. . ■ il)']. 
Take 3=llV, and [_0] becomes ■{ 3lMl"«" . . . [18], ilMl^w"" - . , 
[le], 1*.\V^v^ . . . [20], IIV . . . [21] }. . . IE}, and the common 
difference, xf^Z^O.lV-^v^ . . . [22]. To make [22] a ciibe, let «^: 
6'.3w=; then [£■] and [22] change to •{ 3i'.n'\5^.^"'i(i'^ . . . [23], 4P. 
ll^.S^.S^w^^ . . . [24], 7Ml".5*'.8"jo« . . . [25], 11».5".3%" . . . [2&], 
n''.6*'.3".2»M^ . . . [2T] y. . . IF']. [33] is a 7th poiVer when wr=-- 
Sl'.ll'.S'.SV, which changes [i''] to \ 31''.U^.5=".S"'w'«' . . . [28], 
41'.31'«.11'".5=='.3"V". . . [29]^ 7*,31°'.ll=''.5'^.3"=a'" .. . [30], Sl^-ll'^". 
5"'.3"«"«' . , . [31], 31".11'^'.5='^,3'".2'm™ . . . [32] \ ... [&']. - 

To make [29] a Sth power, put M=41'.31*ll=.6.3'i', and the 
expi'cesions in [ 6^ ] become, respectively, 

(41=«.3I™.ll«''.5^.3™0'={*l"'-31'"-ll"°-5'°-3"°*™)', 

(4l™'.31™'.ll«».7=.fi^.8=«'i^)'=(4l'='.31'«».n'"=.7.5"''.3'»i"»)', 
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41»'.31™.ll°='.5'«'.3«"(»«'={41''.gi™.ll".5'».3"(^)», 
4111108 gii«ojiia».6B«i_3im2V™^(41'*'.8I*«'.n™.5"".3'"*.2(«»/. 
In the last five lines above, eight of the nine required powers are 
found; it remains to determine the required namhers; the mean of 
which will be the ninth of the required powers. 

Since !x={p^ — I)-!-2j3, ^=9, and y=yA the expressions in [«] 
are 13213*, 1681:*, and 2041s'. But ^^IIV changes them to 
{132I.11'W, 1681. Il'V", 2041, 11=V') .. . [H']; ■y^S'.Swi" makes 
these 1321.11'''.5''.3''m!", 1681.11".5''.3'^o", and 204I.11".5''.3'V*'; 
and w=3lMl^3'.5'«', transforms these last to 
1321.31'«.II'^.6™.3"=k'^, 
1681.31°°.n^.5"*.3"'«™", ■ 
204I.31'*.1I'".5™.3™((™. 
Finally, w=4I'-31Ml'.5.3V; hence, the nnmbers sought are 
132L41"*».31'"°.ll"*'.5™.3"'°i>'«'=^1321(41',31"")'".(ll=.5^3'(")"", 
(41™>.31™'.11^.S"*'.3^(:«*')'=1681(4I'.31"')"*.(II'.6*.3''(;'=)'"', 
2041.41>'«'.31'"".n'™'.5'".3"™(™^2041(41'.3r")'«.(ll".5*.3^!")""; 
tlie numbers being simplest when (=^1. 

Note. [10] may be made a 4th power and [1 1] a sqiiare hy other 
methods. If the quantities within the parentheses he multiplied 
by 4, the result ia 2^=-f 4^— 2=n ■ ■ ■ [a]i ^'"l e?-?'— 2— □ . . , [b]. 
Let y+l=^jJ; then [a] and [h] become 

2<7'+8y+4=n =h\ . . [a'], and 6^'+12</+4=Q=tt= . . . [V]. 
Subtracting [a'] from [b'J, and factoring the diiference, we obtain 

g(iq-\-i)=(a- -l>Xa+6). Take q=--a—b, and 'iq+i^a-^-h. 

Adding these two equations we have a={5g'-]-4)-T-3. Substituting 

this value of « in {b'), and reducing, we find ^=8, andthence/':^=S. 

To find a third value of p, put s~{-^=p'; then tlie quantities in 

the parentheses of [10] and [11] become 

2,9'+40s+169=:n=^" ■ ■ ■ [3], and 6s'4-108a+4S4=:=Q=C!" . . . [c]. 
Multiplying [d] by 11*, and [c] by 'i\ to make the numeral squares 
169 and 484 equal, we obtain 

2425'+4840s-[-23716^(P . . . [d'], 294«=-|-S292a+237]6=(^' . . . [c']. 
Subtracting [d'] from [c'], and factoring the diiference, we have 
s(5'2,s+i5%)={e~4)(e-\-cT). Put s=c—(l, and 52fi+452=c-|-(?; 
then, by subtraction, rf=:(51s-f452)H-2. Substituting this value 
of rf in [d'], and reducing, we find^'^^^^^, 

3. It is required to find three whole numbers in arithmetical pro- 
gression, such that their common difference shall be a cube; the 
sum of any two, diminished by the third, a square ; and the sum of 
the roots of these squares a square. 

Solution. Let ^—^-\-y\ 3?^y% and 3?-\-xy-i^y- 
represent the numbers in arithmetical progression, whose com- 
mon diiference is cs^ ; then must 

x^—2<cy-\.f=U ■ ■ ■ [1], «'+!/'-=a ■ ■ ■ [2], a.nd^-'+2zy+f=C\ ■ ■ - [3]- 
[1] and [3] are already squares, and [2] is a square when 
a:=j''— s' and y=^2rs, y being taken > x. Whence, by subntitu- 
tjon, [1], [2], and [3], are changed to 
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1 

(-r'+2rs+',y, ir^+s^y, and (rH2™"«')'; 
the sum of whose roots, f^-\~4rs-\-s' ■-■[*], must lift a square. 

-1> 



Put r'-i-4r^-^8'=(r-{-nsy ; then we find r=~ 



-2n ■ 



lako Ti^z.-^-; then r^ ^, x=~, y^-^, find ;rj=:-gj=-gj- =, 
a cube ... [5]; and the assumed numbers become, respeetivelv. 



ISut [5] must be a cube, which is the case ivhen «^=3.10V, for then 
^y^^^---^\-^) ^ « c»be; and [8], [7], rind [8], boo^ome 
1321 .5».3'i"=41 rg 7265625!", 
1 681.5^^V"^5318I890625;", 

2041,5».3'("r^645'7851562S!"; where ? may be itiiy 
JiUoger — tho least numbers being when tt=^\.. 

If s^2'.3.10'(", or /=:2'V, the above numbers become 

l321.10»,6'o"=17l20I60O0O0000w", 

]68l.liO".6'u"=2178570OOO(M)OOOu", 

204 1 .1 tf'.e V==2 84513 BOOOOOOOOu'*. 

Siibstitntang the values of «■, a:, and :y, in terms of s, and taking 

s^ll'.aV, expressions [1], [2], [3], [4], [5], be«wne [18] t« [22]. 

Inclusive, and [8], [7], and [8], beeoiite the tiii-eo -expressions iti 

[.H], in the solution of problem 2. 

Again, take 1321.5«.3'(■^ ■1681.5^3V^ and 2041,5»,3V=, for tin- 
three squju-es sought, in the second condition of problem 2. 
Then must 31'.5',3'i'== a 7th power. . . (1), 
i\'.5'.%H'^'= a 5fch power . . . (2), 
49'.5".8*("= a 4th power , . . (3), and the 
«um of the roots ofthes« squares, ll''.5'.8V=an 8tfc power. . . (4). 
(3) is already a 4th power, and expunging the 7th power fiictors 
from (l), the 5th power factors from (2), and extracting the squaw 
root of (4), we have only to make gl'.5.3*(°= a 7th power . . , {6\ 
41=.5'.3V= n 5th power . . . (6), and 11.5'.3(°~abiqnadrate . ., (7). 
(7) is solved by taking (=11.5'.3if*. Wlience, by subfititutioTL, 
(5) becomes 3P.11^6".3'w™= a 7th power, and (6) becomes 
41'.H'.5T3W= a 5th power, or, expunging ithe 7th and 5th power 
factors, as before, 31=.11°.6'.3'm°:^ a 7th power . . . (6), and 
41'.U'.5l3w=— aSthpower. . . (9). TaTie w=31M1^5^3V, and (8) 
16 satisfied. (9) then becomes 4l'.Sl'.ll".5".3'«"— a 5th power, or, 
cancelling 5th power factors 41''.31.n'.5'.3'u=a5th power. , . (10). 
Hence u=;4P.31'.11'.3'hi' solves (10). 
Retracing, we have w'=41''.31"'.ll".5'.3''w^ 

. '. w=41='.31*'.11^.5".3='m)'*, M*=41«'.31'™.ll"".S'*.3''fc'", 
. ■ . (I=41«'.31'».ll™.5«.3"«)"°, 

i'==4 1'™.3 r"°.U'"'.5™.3'"''io"™, 
5^3^('*=41'™'.Sl'"".ll^™".5™".3"™i(,-'»"=»i, 
. ■. 1321m, leaim, and204lw, s.atisfy all the -conddtioaw. 
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4. To find 11 eonseeittive iimiibers of the natural series, such 
t!iat the sum of their cubes shall itself be a cube, n being= a ciibe. 

Solution- Let X represent the first number in the series, then 
must ^'+(a:--|-l)'+(i+2)"+(a.--|-3)=-|-dJc. to (a+n— l^^cnbe. 

To obtain a more manageable expression for tfie sum of tliis series, 
■«'e know that l»-|-2>+3^+&<i- to ^.^= "'+^»'+"' ^ ^jin±})\^ '. 

anJ, .-. ,that ]=-|-2'-j-3''-i-<fcc. to (.r— l)':z:r ("^i^^^^^'j '; and 
Ijeiice, that i=+2=+3H&c. to (.k+w— 1 f^ / (^-l-^»— 1^)(^+») ^ \ 
Wherelbre, the sum of nil the cnbus of tlie required series of n Nos, 
.ill bo ,ci,r«„« by {■(f+5=i}fch=)) *_ ((£rll') -,,„. „,b,, 

Bnt the difference of two squares Is equal to the product of th<^ 
Knm and difference of the rootB ; therefore, 

Or, [2J*-i-2(w~-I)a;-|-(M— l>](2i:+«— l)ji=^4a*. 
Hero, n is, evidently, fi factor of a'; and since )i is a cube number, 
---=i'^ i is a factor of a; and we may represent 4«' by ib'f, and 
siubstitutiug f for w, and dividing the equation by f, it becomes 

[2i'-|-2(('— l)u:+(C— l)!'](2r+;>— 1):^45'. 
!Maliing tlie midtijjli cation iu tlie left-hand member, and also mui- 
tii>lying both sides by 2, the equation is 

"8^*-fl2(C— l)a^-|-4{f=— l)(2i!'— l}.i'+2(;'— l)=('=8i»=cabe. 
Now this being one of those outiic fonnulas, irredueihlo by means 
of an. assumption that will destroy tino Urms, ive inust avail oar- 
selves of the next expedient, viz. , the vanishing only of the term 
Hi"; and, in iitcomplishing this, in order that tJio utmost advaiit- 
iige of a division by factors may be had, that is, that the resukiug 
equation may bo divisible by (( — i)((-|-l}, lot us iissume 

25^2r+[CH-1)'+l3C'— 1); then will 
a-'+12(f'-f2i+2X'-l>'H-((H-i^H-2)'.6(''-l)'^'+(''+2H-2y{f-I)-^^ 
f/'^ Equating these, two equal cubic expressions, rejecting thi> 
i-ommoM tenn S.i", and transposing, we have 
l2[(f^H-2i+2)(f~l)-(('-l)>'4-2[(C-[-2H-y)'.3(;-l)'-(f'-l).2(2iM)]3- 

Or, 12;f'—l)j:>+2[(!=-f2H-27.3((— ])=—(;=— 1).2,2)^—1)].*:= 
tj(^_l)i(«_(;!_L2(:4-2)'C?— ly. Obviously, this equation is divisi- 
ble by t-\-V^ and also by t — 1, and it reduces to 

12.:''— 2(i'— 8;'— 2^"+10)x=:C— 3!"— 2^— 2('+10('-(-4/=— S. 
3ru!tip]yin<r by 12, and adding ((*— 6("— 2i'+10)' to both sides 
fhe quantity on the left-hand side will necessarily be a eotnplete 
square; and the result will be 

[1 2:r— (;^— 6?'— 2(= J- 1 0)J^f~if-\-&e-\-i={t^—2f—'l)\. 
12a;— (('— 6f=— 2i'+10)==(;'— 2i=— 2, nad 
j:i;=-J(j*— ,^;"— 2;--|-4); where t'^n, or )t must be a cube number. 
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e. To find a cube nujnber of miinbers which ai'e oubea wboae 
roots aie consecutive numbeis of the natuial series. 

Solution Let (_^-[n~r\f, C^[n~2])», (a^[«^3])' .... Si- 
(^+[«— 3])', (aJ+C**— 2])=, (^+[,^l])-,,be an odd sei-ies of 
cube numbers whose loots aie consecutive uumbers of the natural 
ecnes , '■ lipinjf thi middit, teim 

Thtn ^< 1 1 1) li iln t ^fn thi sum of one term in .(■'. 
Aho tl, 1 — l)»+a»+('+l)'=3jM-'i-''; sum 

In hi III II \uitouuaii = 7J.'+84r 

andtlu MminiiiiML Ujiji i^ = 9j:»+180.c 

' eleven tomib i-* ^ 11^+3;S0j.^ 

' ' ' tlmteen ' ' ^ l8-^+546r, Jfco. 

the sum ot 2/t— 1 terms i3=(2;^— l)i^+(2«>~3»i'+«).r . . . [1], 
foi the (tth term ot thi. seues 1, 3, 6, 7, 9, 11, 13, &e., is 2**— 1,' 
and tihe (n— l)th tenn of the series 0, 30, 84, 180, 330, 546, &c., is 
2m'— 3«."-|-M. But the problem requires that£l3 shall be a cube, imd 
also that 2ji-l shall be a cube. Let2ji-1=^»'; then n—'-\{p'-\-\')^ 
and by substitution, foi-raula [1] littonics 

p''x''-\- . ':t;=a cube; or, dniduij; b^ ^j' "—^-7— — i cube 

This expression will bo a cube when ^' ft then by 

substitution, multiplying by 8, and airin ha,n 

8/+13,(/'+(2ji?'+4>/-^-^!"^a cube wbich ] \\ } cnct 

y^_3p- +2 (p'_l)'-3 , / I)' 

^—8(^1) ^~^S ''^ -^ b . 

Here the valae oix must be iute^nl, to ha\L tonsecutUL nunibeie 
This will be effected by ta)dng^j:^6)n±l, »» beinj, iii-> nundii 

Let»i=l; then, using the uogitiie sign ^)=5, j-=9S and )i— bd 
Substituting theae values iu the oiigiudl series, ne hj\c 34, J5 36 
.... 156, 157, 158, for the roots oi 126 tonseoutne enbi'- of the 
natural series of nos. Using the plus 'jigiu jt»^=7, then •(^^J84, a=^ 
172, and by substitution ive have 213 ... . 6a6, for the rooth* of 343 
cubes which fulfiU the oonditions. If m.=2, then using' the msnus 
Sign, ^=11, we have 1331 oubes: mid using the plus sign, v-=lZ, 
ami ^ve shall have 2197 cubes. Now to find an even nuniber of 
cfibes, we have only to add to fbnnnla [1] the tenn in the original 
series next to [-i^+Cm — 1)]*, tIz., (a'+*OS i"*^ ^^^^ we shall have 

(2«— l)j^+(2/^— 3)t'+»i)iB+(a'+)i)"=a)w.^+3w*'+(2M'+M>+H='== 
a cube. But 2w must also be a cube. Let 2ji=^; then )i.=^'', 

and by substitution, we have p'^-\—2~''^-\- — r^'*+"8"^'* ""he, 
which, after dividing by^j', and multiplying by 8, becomes 
Ss?-\-12x'-\-(2p''-\-A)x-^p^:= a cube, which let=^(2^+jo'}'. Reducing 

0\^p 1) D (J 

ill order to have j> integral, p may be taken any even number, ex- 
cept 8, and its multiples. Let;j=:2; tlion;?=l, h=4. Substituting 
these values in the original seiies, we have — 2, —3, 0, 1, 2, 3, 4, 5, 
tour of which numbers balance one another, and one is ; whence 
we have 3, 4, 5, the roots of tliree cubes whose sum is 6*. 

Let ^=^4; then is^^37, h=32, and by substitution we have 6, 7, 
3, 9, ... . 66, 61, 68, §0, for the roots of 64 cubes anawei'ing the 
conditions of the problem. Let /j=8; then ^r=&&l^ ?i=268, and 
we have the aeries 408, 407, .... 917, for the roots of 512 consecu- 
tive cubes of the natural series of numbers. Let^=:10; then x=^ 

1633, H=500, and by substitution we have 1184, 1135, 1186, 

2132, 2133, for the roots of 1000 cubes that fulfill the conditions. 
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6|'^To find « square numbers such, that if each be eitlier iucrea- 
sed or diminished by ita root multiplied ^by some number, the re- 
^ipectipe sums and differences shall be squares. 

SoluMOTl. We baye here tyo make ■3?-±.a-x=\^, f ±.hy=\J,-, 
ir-±«^[3, (fee. ad infinitum. Let ^'4-fli/=Q=m=ai'; then ivill 

j'^— i— v! and, by substitution, a^ — ff-'=^r'Ti~Ty — „^ -^ ^D- 
DividiujT tbi.s by «^ and multiplying by (»»' — 1)', wo have 2 — n!^^- 
Q, which is MO when )«=±I. Let m=H-l^ then 2-m'=l+2/i — *;' 

>;.= /+fV'\ ;,ud .=-^^ ^^^TP\ , whence, « may be 
taken =ipqi<f—i>% and then .,•=-. (j(>=-|-j^)'. Lctjp>=l and (/==a; 
tlwn (/z:=a4, j;--=25; whence, .«>±'«=625± 600=35% or S'^n's- 

Again ; let j^^— 2, ,j~-i, then (t=120, 3;=169, which let=6, and y, 
respectively; whence, //'zti'(.'/=2e5ei±20280=221% or Dl'^n's- 

Also, let ?>=!, 2=4, then ti':=240, :i.'=289, whicli let=c, and s, i-c- 
fipectively; whence, ?'±;c^=S;io 21 ±8 9^60=39]', or n9'=n'«, '^'i 
so on, ad infiiiitnuv. 

T. To-fiiid 11 vommoii vahie of.': that will make x''±(ra:=Q, 
fl!'±SiK=Lll, si^ira^Q, &c., lid iiifiuitum. 

Solutio'ti. I» order to solve tins problem, it «ill be ne<:cssary 
to pcendfle the following Algeiiniic Theorems from Baklow's Tlic- 
ory of Nitmbers: 

1. Every prime nnmbci- of the form iC+l, '^ th(s smii of two 
squares in one wiiy only. 

■1. The squnre of every siu'h immhei- U also the sum of two Cl'^ 
in one way only. 

3. The product of any two sui-h numbers is tlie sum of two 
squares in two ways ; the product of iiiiy three such nuinhcrs is tlie 
sum of two squares in four ^vaye ; the product of any four siic}i num- 
bers is the sum of two aqiiarcs in eight ways ; and, genernlly, the 
product of any (ti) such numbers in the sum of two squares in 2""^ 
ways. By attending to these theorems, tlie following solution will 
be readily understood. 

Put d-=!'; then by substitution, imd expunging ^, we have 
;f'±<T=D, V'ii^U, ^'±('=Q, &c. adiufinitum. 
Let ^='iH'-^n^, and a^2mn; thens^±a^)(''±2)(ij(+rt'=(wi±)j)'. 
Also let ^-=jj'-|-(j'', imd b=^2pq; then zM;5=p'±2^2+j'=(jD±j}'. 
Again, let j'^j-'+s', ;md o=2r«; then i*dr<=J-'±2)'s+s'-=(j-±s)'; 
all □'»; and so on, ad infiuituin. Here all the conditions of the 
problem will be satisfied, if we can divide »' into two squares in 
any n number of ways. In order to do this, it will be necessary 
to solve the following problem.: "To divide a given square number 
into two other square numbers". See Baelow, p. 460, 
Let A''=^;;'=^the given square, and w", lo', be the required squares'; 

then k'^v^-\-ui'', and A^ — v:'^=V'. Assume A-|-w=--t' and A — 
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n which foriiiiilas, A, or its equsii, ^, may Ite trilvui 



»=!^. Hence wo ™udilyfiud2A=4'- + 4^=*—-t-f '--'-. »iid 
2«,=i?-i^'=!£^-^; »„d the.™ ., set ,=f£'^,,„.= 

prime number, or product of two or more primo tiiiiiibi'r.s, ein'li ot 
which is the sum of two aquares; thon^>"+|/'' lii'iiig |iut suuoess- 
ively equal to eaeh sum of two squtires into ivliich jV or 2 (:.in be di- 
vided, Wii shall have as uuiny intt'gi'al values of v, «' ; whcmii' nlso, 
x^^e^-^tc' the s;ime number of different ways, for wliUbni:iy he put 
successively, m'4-"'i ^j'+ffS '■^+^'1 ^^- The difl:i.'reiit v;ilues of 
2vw may be put sucoessively^,2m?», 2pq, 2r8, etc.,=«, /i, v, efo- 

Lct A=z=B=2-' -{-!', and pat ^'=2, (?'=!; then r=-i, w=3, and 
j?=n*.^'-|-3*, being the sum of two eqiuirea in onf. way only. 

Let A=3;=.5.13=;36; then 6=2=-|-l', 13=3'-t-l^ 65=fi'-i-T= 
'i'--\-4:', and putting^', </, suecessively=^the root of oacli set of two 
squares, we shall have v^5'2, je=8D, «^60, w— 2o, (---^lO, tr-=63, 
(■=56, w^=33; whence a'^tiie Kuni of two Kqnares in/(>(^j- iviiyt^. 

Let ^=5.I3.1T=1105; then 5=2^+]', 13— ;i'-h2', lT---4?-fi=, 
5.13=65=e'+l'— 7=+4', oJ7=8o=8'+2==r + 6', J3.17--221=--: 
l]■^-10»^U'^-5^ U0o^33'4-4'=32'' + 9'.=SP + 12^.r^.24=+23=5 
and putting ;?', t/, sueeessively=the rootn of eiich set of two Q's, 
we shall have the foUowing values ofv, w, via., 884, (iU3; 1020, 425-; 
520, 976; 272, 1071; 952, 561; «8, 1001; 1092, IBS; liOO, lOo'; 
■JOO, 856; 284, 1078; 576, 943; 744, 817; 1104, 47: wheiifc 4--r--:tho 
smn of t\vo squares in thirteen ways. 

In like manner, if fc=tlie [u-odudt of tour fuctors, o:i('li of which is 
the sum of two Kquares ; then, t;iking the factors sinf>;ly, the pro- 
duct of every two, the product of livavy three, and iinally, the pro- 
duet of all torn; we shall ^ndfoHij ways in \vhicb ^' wiW be diviaed 
into the sum of two squares", and if J=lhe product of ti\e suclifiic- 
tors, we shall, by proceeding as abo^'e, find oite /itiiidrecl mid twen- 
iil one ways in which ^ will be divided into the sum of t\vo □'n. 

Premising that the subsciipt Hgurea represent the No. of iaetoi's 
used, Ve have the series 1,, 4g, 183', 40^, 121„, mi^, 1093., 3280,, 
&c., which may be extended ad infinitum, by niultiplying any term 
in theseries by 3, and adding I, to find the ue-';t succee<!ing term. 

Having thus found the values of z, «, 6, e, ifee., in the e.vpresslons 
z^±a='C\, a'±*=D, z'it'^n, &o, if we multiply tfeese expressions 
by 33=^, ^i-e shall solve the original expressions 

x^±ax^^, x^±hx=[J x^±av~{2, &c. 

Note. If fc^o.5.13=825, then 6=2*-!-].', 13=^3'+'2', 5.5=-25 — 
4=+3=, 5.13=65=8'+l-:^7''+4', ajid 5.S.I3^325=l«'-|:-l'^i7-+ 
e'^IS'+IO^ The last set is In the same ratio as 3"H-2', and 
will give the same values of «, ie ; therefore, there ^e but 7 ways 
in which z^ can be divided into the snm of two squares. 

We see from, the above solution how t^) consti^ot exprcKHioiis of 
this kind to iiny extent we please, so as, having given Ih-e v.iJue.s 
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of a, b, e, etc., to find z, and thence x. 

8. It is required to find aiiy n square munbers such, that if the 
root of each be either added to or subtracted from the respective 
squares, the euma and diiFerences shall be squares. 

Solution. Let aV±ffl!c=n, bY±by=U. cV±<^=n. etc.. 
ad infinitum. Here we -will solve only the case a^x^±mx=\^. Put 

«V+«a,-=^[J;^»iV, then reducing we find x^= - , , , which be- 
ing pat in tbe expression a'x'—ax=[J, gives fTO'-_a°\ ''~~" m'~ a°^^ 
Q. Dividing this by fr, and Xiugby («''' — <**)'' we have 2a' — »i'= 
□ ; which is so wheU ni^r::^±a. Let m^^n — a, then, by substitution, 

,.. h.ve »-+2««-»'=n= (■.•-|« ) ■ „,„,cc „=2(«^, 
where a may be taken=^'-|-}', ajiAn=2j}q-'f-2q'; vheiicf: m=^n — a, 
or a — }>=rp^ — 2p(j — t^', and 01= 

Now let /J— 1, 2—2, thenM:=5; a;—^, «a;=||-, {f|)'±f|={li)' 
nnd (-^4)'. Again, let p=2, q^^S ; then «=] 3, x=-^, which !et=() 
and </, respectively; then by^{U' and (^)'d:m=.(f|^)', (^y. 
Also, let^J^l, y=4, then ffl^=l'?; wt^^IjIVi ■*^^i<'^lst'^'^'^"'i'^> respec- 
tively; then cz=%li, and (||^)'±m^(|J^)^, and (^)', and so op. 

9. To find a common, value of x that will make a'x^zhax=r2, 
f>V±bx^=^\^, c'x'±cx=[^, etc., ad infinitum. 

SolutioJh. Dividing these expressions by «.', b\ c\ etc., respec- 
tively, and writing «', h\ </, etc., for the reciprocals of a, b, e, etc., 
respectively, we have x'±a'x^=\^, a3'±fi'3;=G) a>'±c'y'=n, etc. 

'riiese expressions are of the same foi7n as those in probleni 1, the 
only diiferciiee being that the values of a, b, c, etc., are integral in 
7 ; ai)d iif, b', </, etc., in this, are fractional; x being integral in both. 
Let 3:^=2'; then substituting and expunging z\ Vf% have 

^'±a'— □, z'±5'==D, s'±c'=Q etc., ad infinitum. 
Lot 2-^M'-|-ji', and«'=^2nm; then s*±:a'=^m'±2TOn+?i'=(j/i±w)'. 
Also let 2'=^->*-r2') ^i^*^ 6'=^3pg; then ii^±b'=^p^±2pq-^q'^^{p±qy. 
Andlet s'^j-'-fs', and c'^=2»-s; then s'±c':^j^±2j-3+^'^^(''±?)S •"^<!- 
Here, as in probiem 1, all the conditions will be satisfied, if we 
can divide x? into two squares any (?i) number of ways ; a method of 
doing which has been given in the solution of problem 7. 

Let us subjoin a few examples of problem 7; as this is easily 
change:^ to 9, they will illustrate both. See problems 11 and 12. 

(a). Let 2^=5.5.13=325 ; then, by Theoi-ems on p. 10, we have 

5^2'H-lS 13=3'+2', 5.6=23 =4"+ 3', 6.13=65=8'+ 1'=7'+4', 

5.5.13=325=;18'+l'=ir'+6'=15'+10'. This last set being in the 

same ratio as S'-f-'-^'i ^^ before stated, gives the same values to w, w. 

Let y=2, q'==^l ; then v=260, m^1B6, and 2«w=10]400=«. 

' 'y=3, 2'=2; ' ' w=300, w=126, ' ' 2uw=75000=5. 

' ' ^'z=:4,2'=3; ' ' w=312, M=91, ' ' 3dw=66784=c. 

' '^=8, $'=1; ' ' w=-SO, w=315, ' ' 2wwi=5O400=t?. 
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IS 
' ' y— 7, g'—i- ' ' «^280, M)=ie5, ' ' 2owi=92400=e, 
' ' p'=18, g'=l ; ' ' y=36, w=S23, ' ' 2«wi=23256=/, 
' ' j5'=17, y'=6; ' ' )j=204, v>—253, ' ' 2«w=103224=?. 
, ■. e'±ef^(325)'±10UOO=207025 and 4225, or (455)=, (65)', 
j=±d=(335)' ±-.75000= 180625 ' ' 30826, ' ' (425)', (175)', 
i'±o=(:!25)'±:56784=162409 ' ' 4884], ' ' (403)', (221)', 
z=±d=(325)''±;50400=166025 ' ' 55225, " (895)°, (23S)', 
3'±e=:(326ydz 92400—1 98025 ' ' 13223, ' ' (445)', (115)', 
s'±.A=(325)'±2325 6^ 128881 ' ' 82389, ' ' (359)^ (287)*, 
2''±j7=(325y± 103224=208849 ' ' 2401, ' ' (457)', (49)'. 
By considering this solution we readily see how to construct th« 
following problem : 

(6). Make a;'±10UOOa^=D, x'±75O00iCii^n, a;'±56784a;=Q, x'± 
50400a;^n, a!=zt92400a;'-=n. 3!'±2S256a!=n. 0!''±lO3224a:=D. 
We see also how to find the value of x, when a, b, c, &c., are given. 

Take any of the given quantities, as, e. g., 23256; then we have 
2wiO=23256, aHa)JM!=ne28=2.2.3.3.l7.19. Put w^2.2. 3.3=36, & 
w~17.19-=--323; then «'=«'+w'=S6'+323'=325', which No. will 
satisfy all the conditions; whence x^=^^ Is known. 
(C). Let!=S.6.17=425; then 5=2'-{-l',17=4'-i-l', 6.5^25=:4'+3', 
6.17=85=9'-i-2'=7'+6', 5.5,ir=425^19'4-8^=16'-fl3*=20'+5'. 
The last set being in the same ratio as 4--|-l-, will, as stated in the 
Note- on page 11, give the same values oi v, tc. 



!ty=2, y'=l; the 


n w=340. 


10=256 and 2«w=173400=a, 


p'^4, ?'=1 ' ' 


«=-;;oo, 


«:=;!75 ' ' 2yi'-— 150000=S, 


y=4, </=3 ' ' 


«:=-.408, 


10=119 ' ' 2vie= 97104=<;, 


p'=9, q'^2 ' • 


«---:.■ 180, 


Wj~--385 ' ' 2cic=138600=d, 


p'=.7, <}■=-.& ' ' 


«=420, 


10=65 ' ' 2(!!C= 54600=15, 


/=19, q'=9 ' ' 


■B--^304, 


jo=297 ' ' 2(140=180576=/, 


jo'=16, !?'==I3 ' ' 


«=416, 


10—87 ' ' 2i:w=72384=^. 



,-. i'±ffl=(425)'±l73400=354025 and 7225, or (595)', (85)*, 
a'±5=(425)'± 160000=33062 5 ' ' 30625, ' ' (576)', (175)', 
a»±c=(426)'±97l04 =277729 ' ' 83621, ' ' (527)', (289)', 
S'±:(?=(426)'± 138600=31 9226 ' ' 42025, ' ' (565)', (205)', 
i'±e =(425)'d=54600 =236336 ' ' 136026, ' ' (483)', (355)', 
!'±:/'=(425)'±I80576=361201 ' ' 49, " (601)', 7', 
z'± j/=(435)'±72384 =253009 ' ' 108341, ' ' (503)', (.129)'. 
From this solution we easily construct the following problem : 
(d). Make a=itl73400x=n, *'±:150000:c=Q, 3?±9'!l0ix=Q, a?:i:' 
i38600r=Q, 3:'di54600=n. 3^±180576x=[J, and a!'±723843;— Q. 
We see, also, how to find the value of o:, when a,b, c, etu., are given. 
Take any of the given qoantitiea, as, e, g., 97104; then 2uior3 
97104, wic=48S52=3.2.2.3.7.17.17. Put v=2.2.2.8.17=408, w= 
7.1-7=119; then a'=w'+io'=(408)'+(n9)'=(436)',- which number 
satisfies all the conditions simultaneously; whence a3=^a' is known. 

Hence, also, we see how to solve the problem, 
(C). Make a;'— (I01400)'=a, 3)=— (76O00)'=G, a;'— (56784)'=n- 

Here, a:'— (10U00)'=(:t:+1014O0)(;*^-101400), a:'— (75000)'= 
(a!-+75000)(3:— 75000}, and ck'— (fie784)'=(K4-56784)(5c— 56784). 

Let x=rz^; then it is evident tiiat we have to make 
*'±l01400=ni »'±'5000=G, 2'it6e784=n; for if each factor i* 
a Q, the product is also a □■ The problem ia now the same as (ft). 
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14 

10. Find three square numbers in arithmetical progression, 
such that if from each its root be subtracted, the three remainders 
shall be rational sqnaves, 

■nsiroKT. s*riiFa>niikniiw,tl>Upni»lenniMariitlnii1lri>ublUb«olln Ae<>nCI.«idam editlaii 
•rj. K- Tonne'* AlBebrat wkcrecmnesimananen vere^ven. Tho Anierlou Bdllvr, notlelns 
thfHfaet, Dualttvaihepnibreiii; andlnavctteketajB, '*ltir«u^l>edlinoiiitt«fliid true mmben ot 
tMi aiaitevattim, dbIgu KOfAtiTO linAWt» I»« ftiliKlUvd^. 

Sollliion. Let aW, 6W, c^', represent the numbers required. 
Then, by the conditions, [tt'j]'— ««=□ .. . (1), b^x^—bx^'Q . . . (2), 
and c-a!'— CJ^U . . . (8)] . ..(C). Piit aW— a«=j»W-, then will 

ic^ ^aj^, ■ ■ ■ (*)■ Pitting this value of ic in (2) and (.^), and 
mnltipljing by (k'— m')', they become, respectively, 

aV;'— («=— ra')ai=n . . . (5), and «'e'— {«'—«*') flc^C . . . (6). 
These ai'e Q's if m=^±ffl, Lut eitlier of these values of »/ renders x 
infinite. If n±a bo substituted for m in (5) and (6), we have 
«'A'±:2a'5n+<;(Sw=^Q . . . (7), and «'c'±2«.V>i+OOT'=n . . . (8). 

Take ab—njy for the root of (7), and we have ■rv=. - .l^zf' - ■ ■ ■ (9)- 

Substituting this value of « in (8), and multiplying by ( — <*"") 
we obtain (''i/±iabc2?'^-\-2abc{2a-\-2b — c)^'i!z4«'6'(3J+o'^=(;'=Q . . , 
(10). Asisuniiug cp^-\-Mbp—itbii for the root of (10), we have 
'Zaho ac.-4-bc — ub , ^ 

i>=-s=s=z;>' <" — S5 — • ■ ■ <"'■ 

Eutif t;^/— 2«/yj— tf^ic be taken for the root of (10), we have 
iff, — ,„• — /,(■ labn , ,. 

J'= 2^-^ ' "'■ ac+bc-o.b ■ ■ ■ t^^ > 

From (4), ■x=-- \;~,,i > *"') siiiee m'~a^±:2an--\--n', g^— ^,^^_|_^^, 
. . . (12). Jf we substitute for n in (12), its value a.s shown in (9), 
we shall got 

^, -ip'-aby 

iaO}j{p±<.()(.P±/') ' ' ' ^ 
If, in (13), we substitute for^j its first value in (11), or thatin (11'), 
using the + sign in the binomial factors of the denominator, we 
shall find 

^—8ab',-{M-—ub~bc){ab—ac+bc)(a/>-\-ac—be) " " ' '^ ■'■ 
When the relation between a, b, c, is such as to make the numeri- 
cal value of X in (14) negative, (C) becomes [aW-|-ai«=Q . . . (l'), 
b^x'-^bx^[2 ■ ■ ■ (2')> 'AB'-l-ciB^n . . . (3')].. . (C); then 

\ {ab--Hta—bcy—4ab<f y , , 

* Sabc{a b — -ac — be) {« b — ac-^- bc){ab-\~ac — be) ' ' ' '■ '' 
This shows that for such positive values of a, b, c, the conditions 
of (C) are impossible, by me general method, when positive an- 
wers ai-e required, and that (C) must be changed to (C'), that the 
IJroblem may be possible; a^e", 5W, cV, being three square num- 
bers, such, that if each be added to its respective root, the sums 
Avill be rational squares. 

Whence, premising that A represents the square root of tlie 
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iiumei-ator of (14), and B the product of the trinoniiiil fiietors of 
tUe denominator, the required squares, in both cases, will be 

aV±«x= (^j^) (d'b^—2a^bc—1ab'c—a-'6'-\-2abc}'-l>-e')'', 
b'x'±bx= f-s — ig) {a:'b''—2a^b<}—'ial'''c—Su'c'+2ubd'-\-b'd'y, 

Again: if, in expression (13) we pnt for p either its second 
value in (11), or that in (H'), employing the — sign in the fiictors 
of the denominator, we obtain the same value for x; a, b, c, being 
any numbei-s whatever. Since a, b, c, may be intei-ehange<l with- 
out altering the value of a;, it ia evident that this process will 
give but one value of x that will fulfill the conditioiin in (C) ; but 
other values of ^ may be found by substituting 

, ac+6e — oft , labc „ ■ ;,„, . ,. ,, 

g+ 2e ' «^" ^+ ac+bc-ab ' ^'''' ^ "' ^^"'^ ^""^ "'^''""- *''" 

result a square; the values of _p, thus found, will producu other 
values of a: that will fulfill the conditions in (C), 

Since the numerator of a; is a square, and the deuomiuator divis- 
ible by a, b, c, the square of the numerator of ai will be tlie com- 
mon numerator of aic, Sic, ex; therefore, when m*x' — ux, bW — bx, 
c**^ — ex, are squares, if the denominator of ax, bx, ex, be subtracted 
from the numerator, the i-emainder will be a square; but if (iV+ 
ax, b'x^+bx, t^'-^cx, are squai-es, tiie smn of the numerator and 
denominator of «*, bx, ex, will each be a square. 

To iulfill the conditions of the problem, aW, b'x', <^.v\ yr, ex- 
punging x', a", b', c', must be in ai-itbmctical progression, and ha'io 
such relative values as to mate x positive. 

a'=ip^—2p—l)Y, b'^ip^+^y, e^=^(p^—2p+lY(/, are in 
arithmetical progi-esaion; and to obtain the least numbers for the 
numerator and denominator in the fi-actional value of x, let p^T, 
and 2=^; then «:=:31, 21^:25, and c^^l7. Or we may, take 
a'— (r' — 2rs — s^', b^^{r^-\-V)\ c'^(c'+2?'s — a*)'; in which tlioval- 
iies of r-\-s, r—s, being substituted for ■?; s, give the same values 
of o, b, c, or the same multiple of those vahies; and any multiple of 
the values of a, b, c, ■will give the same value of a.'. If r=4, *=3, 
then will a— —17, 4=25, c=31; but if r^'J, and *=1, then will 
(7^34, 5^50, c;=62. Substituting either of these three sets of 

values for a, b, o, m (U), we find ^ nuuSloSieoo ' 

^ _^ (864571)* _ ,a_ , /' 8G4371-.S1587iy . 

^ (864571)* A= =— / / 86457l.534113 y. 

* * "--{440441767272)*' *"*' ~"'^~ (^ 440441707272/ ? 

^ ^ (864571) * „„ / 864571.62fl329 \' 

^ ^ "(35 5 1114807 SOOp' 0-*-—™—^ 35511)4a9780oJ 

These are the least numbers that have yet been foimd, when tlio 
roots, ax, bx, ex, are taken with the positive sign; when rodueed 
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16 
to a common denominator they boi 

, ^_ / ]2707211288S9 7\ ' ^ i -_ _ / J 



464:2579407797 \ '. 

1011044931800/ ' 
/1 8e8707535IQ2.5 y ., _ /1197e730763O75\ ', 

Vll01i044931800/ ' '^ ~ Vn011044931800,J ' 



mi71B73435271 \ ^._,^_ 



"UiOno44931800/ ' ^11011044838100/ 

The product of the sum and difference of two quantities being 
equivalent to the difference of their sqnares, the numerator of (14) 
may be exhibited under a ilifferent form, which has the advantage 
of symmetry, of correBpondine more nearly with the denominator, 
and of showing, at a glance, inat a, b, c, may be interchanged, but 
the change of foi-m introduces radicals; allot' which, howerer, dis- 
appear upon perfonning the iiiiiltiplieations indicated. We have 
l^aS— ac— *c)'-- 4«5c'^(ff§— «c~Si;-{-2ci/«5)(a5— «c-^c-2ev^M8)=; 

^ a&~(ac—2ci/ab-{-bc) )■■■{ ab—{ac+2ci/ab-\-bc) )■ = 
^ ab—iy'ac—i/bcy }■ . -( ab—{y/ae-\ i/bcy } ^(yab—i/ac+ybc) 
{■i/ab+y/ac-ybc){-\/ab-i/ac—i/bc){yab+y'ac+-/bc'). 

11. If, instead of three Q Nos. in arith. prog., we should wish 
To iJnd three Q numbers, aV, bV, c^x^, such, that (aV±ax=Q, 
b'x^±bx=r:rj^ ^x'—c-t—CD ■ ■ -'[ft], the value of %, in [14], fulfills 

three of these conditions; and [13] gives a^~ z::^~zz^^j^—y 
the numerator of which being a square, we have only to make the 
sum of the wumer, and denom. a Q, in order to have <^^ — <jiX:=^, 
Since the denominator is negative, the sum of these is found to be 
p*~-iibf~&abp^—Wp'—^ab'i,-\-a^b''--^^ . . . [16]. 

Taking/)' -^S^—afi for the root of [16], P—~~T:^i^ ■ ■ ■ [1']- 

„ , ^ „ ab — ae—bc, 2ab ob—ac — be 
But Irom [1 1 ], p^ ^^ , . ■ . -^^l^f-= 2^ ' 

and *^=~ -1 " f r r 'n' B ■ ■ ■ [^^]' Putting this value of c fore in [14], 

multiplying by b, and dividing both num'ei'ator and denominator of 

the right-hand side of the resulting equation by 16a'b', we obtain 

bx= , ■ ■ / ■ .,v';^-.;— - ^ — ; — , ■ ■ ■ . „ ■ Since the numerator of this frac- 
(,«+2i)X— 4(— 2«+46=Ja" 

tion is a square, we have only to make the difference between the 
numei-ator and denominator a Q, in order to make i"j;'-]-i:i::r-=Q. 
This difference is — 7«'+40aW-f 16*', which mnst be a Q. 

If 6=1, this becomes— 7«'+40«^+16=n ■ ■ ■ [l^]- This is a Q 
when a=±2; let, . ■ . a=/+2, then [19] will become-7/*— 66/'— 
128/'-64/■+64=Q which put^CSf-i/H-S)' ; then f=--\^, and «= 
f-\-2=^- but b=l, . ■ . a : b :: rf:^ : 1 :: 6 :11. We may, there- 
fore, take a=&, and 6=11; then, from [IS], c=-'V^^. Multiplying 
a, b, c, by 53, to obtain integral values, «=6.53, S=11.S3, c=7.a8. 

8580' 715' , 

These values of a, b, c, m [14], give ^— 20478915072"~ 142214688' 

Butif a^f—2, [19] befiomes ~7/*+66/''— 128/"'+6^+64=n. 
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Avhich put=(9/^— 4/— 8}^ then/=|f , «=/— 2^— ^i. Therefore, 
a: h :: — ^ : l :: — 6 : 11. If a=— 6, A=ll, and from [18] 
c=— ij-^^. Multiplying a, b, c, by 43, wo may take «~— 6.43, 5= 
11.43, c^— 11.12, audfrom [l7],^^— ^^J^i'-. These values of a, 

b, p, in [13], give ^'^= q'^g ' a o' Either of these two values of -^^ 
fulfills the five conditions in. [ft], . 

Other vahies of ic may he found by wiiting lidc-^ for «, in [IS], 
and making the reanlta squai-ee. Similarly, others may bo found. 

12, If it wei'e required to find a common value of te, so that 
aV+oiB^n, &x^±:bx=[^, (Ac'±c33=n, ifec, ad infinitam, we re- 
mark first, that all the pi-ime numbers contained in the formula 
4(+l, are each tlic sum of two squares; whioh call r'-^-s^;. r^-\-s''/ 
/"-|-m"', (fee, successively, where r, s,' /, s'/ r", s", &o., may be 
any Nos. tlie sum of whose Q's is a prime, derived from 4t-\-\. 
Then take ^ =[{r'+s')(/'+s") (!■'"+«"'). &c.].(?-^+s')^ 

i«"'=[(^=+s«){^!i+s'«)(/'24-s"=).&c.].0>s+s')', &c., to 

T.'iking the factors r*+s*, r'^-\-3'^, and putting )*^=2, s^^l ; r'=^St 
«'=2, these general expressions will bo ai^(2"-]-I")''(3'+2^)', rt'=-- 
65\2'+17, a?'^65X2'+lY, ie"'^65'(2»+l0^ &o., to 66X2-+1')^"- 
As the no. of ways in which r''-\~s^ can be divided iuto tljo sum ol' 
two n's is infinite, we can find as many ospi-essions like tlic first 
two in [6], p. 16, as we choose, all having a common value of «. 

Since 65'=(8'+l=)»--(7'+4')'^5'(3'+2'};:=13X_2=+l")», we have, ■ 
for four- sets of thi'ee square numbers in ai'ithmoticnl proyrcssion, 
(8'-2.8.1— 1% (8=+l')', (8=4-2.8.1-1'}', com. difF.^4.8.l(8'-l=}^(/, 
(ts_.2.7.4-4')=, (Y'^-4')^ (7'+2.?.4-4')', ' ' =4.7.4(7'-!'}=^;, 

5'(3'--2.3.2-2')^, 5'(9^+2')«, 5>{3'+2.3.2-2'}^ ' ' =5'.4.3.2(3'-2')=^(;, 
13X2'-2.2.1-l=)^ 13''(2'H-l>y, 13\2'+2.2.1-1')^ '^13^4.2.1(2M=}=d 

Writing for a, b, a, d, the square of their reciprocals, we obtain 

„,^+„,_n-('-?5^V+-?^-('?5i''V „, (>±S\' 
i X ±s>;=n= {^sm) =^5555= i mi) • " I W ' 

ra ±01— u— \3„„„J *30oo— V, soooy ' °' \ aoooj ' 

„,, , ™ /m^Y 65' /m.n\' /m.n\^ 
,l'^±dm=0= (jjjj} ±j5jj= ( jj5j) , o,- ( jjjjj . 

The above values of a, b, c, substituted in fonnula [14], page 14, 
will not give «=^66'; the value of x, thus obtained, will eatlsfy 
only three of the conditions in [6]. 

Because m?-{-n^-\-2mn=[^, and m.^-^-ti? — 2wmj^[J, we know that 
m'+S!.'±:2mn=^Q, which seems to be the base of the general prob- 
lem to which these examples belong. Substituting r'— s' for m, 
2?'s for n, we have (r^-\-s^y±irs(r^ — s*)^^) an expression repre- 
senting the extremes of three □ nnmbei-s in M-ithmetical progress- 
ion, ()''+s')' being the mean. Multiplying the l^t expression by 
ir'+8% it becomes (}-'+^y(r'+3'y±irs(fs')ir'+s>)'=U- 

Writing X, for (j-'+s*)', we obtain a^±irs(r^^8')x=^C^ . . • ^c]. 
Dividing [c] by the square of the ooeffloient of x, and putting «, 
for the reciprocal of its coofiicient, wo get a''x^±ax^^[2i ""^ ^'^ ^'^^ 
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13. Malte aV+dx^Q . . . [1], &'ic'+ar=Q . . . [3], and 
eW+A=n ■ ■ ■ [3] . . - [Al 

The solution of the above ease of triple equality produces a 
formula 80 extensive in its application to the solution of those 
Diophantine Problems which require the fulfillment of six or more 
conditione, that we ai-e sui-prieed to find that no ■writer on Dio- 
phantine Algebra has given it a place in his work. To the student 
just entering upon the study of double and triple equalities, a knowl- 
edge of the extent to which this formula can be used will be found 
invaluable; but he will search in vain in the works of Euxee, 
Bablow, Lageangb, or any of those authors who have written on 
this subject, for the infonnation he requires. 

Solution. Let aV-frfa;=mV; then will a;^ ,__^ j ■ • ■ [4]. 

Putting this value of k in [2] and [3], aiidmidtiplyingby (sjj."— «^)", 
tliey become, respectively, 

JV?+K— a')_de=D . . . [5], and e'd'+{m?—a.'W=a ■ • • [6]. 
These are Q's if m=±«, but either of these values of m renders 
X infinite. If n-\-a be substituted for ^n in [5] and [6], we have 
*W-f 2ode»+<^eM'=G . . . [7], and ^^-{-la^fn-^-dfn^^^ . . . [8]. 

Taking bd—np for the root of [7], we have n^ „f_^ ' ' ' C^]- 

Placing this value of n in [8], & mnltiplyiug by {p' — dey, we get 
e'/>*+iabfp'+{ia'ef+4b''4f—2e'de)p'+iabdefp+^d'e'^U . . . [10]. 

Assuming q)^-' -^p — cde for the root of [10], and reducing, 



anff—a^o'e—b''(^d _ _ 
since 'm?^^(i?-\-1un-\-', 



■ [11]. From [4], x= 



■ [12]. 



-n(n+2a) ^ 
Substituting for n in [12], its value, shown in (9), we find 

*— 4piap+bd)idp+ae) ' ' ' ^'^^^- ^^ "' ^^^^ ^^ 
substitute for j), its value, taken from [11), we shall obtain x^^ 

■{ (a'b'f—a'^e—b'c'a)^—ici'Po'de y 

Sa'b-'cF{aWf~a'c'6-b'<^d){a'by+a'<^e-b'c'd){a'b''/-a'c'e+b'c^d)' ' 'L^*-!' 
a, b, e, d, e, f, having any valnes; but if their relative values be 
such as to make x negative, it solves the triple equality 
fl'iK'— <?a;=Q, bW—ex=0, c^'—fx^\2- 
Therefore the foregoing work is a solution of the formulse 

the double sign being taken disjunctiveli/. 

Writing a for d, b for e, c for /, in [^], it becomes 
aW-\-ax=:\^, b^x''-\-bx=l^, cW+ca;^Q, and [14] is transformed to 
-; {ab—ac—bay—iabG^ Y^ ^ - . 

^—8abc(ab—ac--bc) {ab—ac+bc) {ab+ac—bc) ' L^ J' *^ 
same aa foi'mula [IS], p. 14. 

If icbe negative, the sign of the second tei-m in each of the three 
formulae above will be changed ; therefore, when 
— ■{ (ab — ac — bpy — iab^ j-' 



8abc{ab — ac — bc){ab — ae-\~bc){ab^uc — be) 



■[16], (the 
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same fonniila that [14], p. 14., ought to have been), it fulfills the 
conditions a^x^~ax=t2i 6'^'— 5a!=n, c'y;' — ca:=[j. 

[14] solres all eases of triple equality when the terms contain- 
ing *'' have the positive sign, and each of the three fovmulie consists 
of two terms only; one of which is some squai-e mnltiple of a;', 
and the other any multiple of x~ 

We subjoin a few of the cases, in all of which the double aign 
must be taken di^unctively, because by this formula only one, of 
them can have place with the same coefficients of x^ and x; but 
which of them is to be used depends upon the relative values of 
these coefficients. 

1. a'«'±ffla;=n, bV±hx=C\, e'h?±cx^O. 

2. aW±bx=[J, b''j?±cx=0, cW±a^— Q. 
S. «V±cte=n. bV±ax^O, c'^±fix={J. 

4. ttV±(KC=a, 6W±:«3!=Q, cVd:(KB=Q. 

5. B%'±(5+c>=n. 5V±(a+c):c=a, <M*±{a+b)x^a. 

8. a*x'±{a-\-b+c)x^a, 5»^±{a+5+c)x^D, c%-'±(«+5+<0^'=a. 
7. ah?^{b—c)x^l3> b'x'±{<x—c)x=^a cV±(a^b}x^U- 

9. («'+i»)a!'±«i;=D, (_a'+d'y±bx=a, (f^+c')x^±cu-^n- 

10. (ffl'+6*+c')^'±ffla)^n, («'+6'+«')a;'±*«^n. 

(a'+J'+e')ic'±ca!=n- 

11. (a=— 5')a;'-h«c^n, («'— c')(c'drte=D) (*'— «')»^'±'"^^D- 

12. a''6W±(ffl+5)a!=ni ffl'c'«'±(«+e>;^D, SV.i^±(6+c)«=a. 
13: aW±mo!a;^=Q, A*ai'±«5ic=n! (i'x''±pcx^=Ci. 

14. aW±TO(a+6+c)x^Q, iV±<«4-6+c)a!=D, 

c'ic'^h p(a+b+o)xr=\J. 

15. aWaj'iCa— ft)a;=D. «'*'ii''±(a— c)ie-=G. o=;-V±(i— (^)^;=n. 

16. a^bVa?±:ax=^\J, o'*V^±Jj=n, a'6Vj;'±;CS!^Q. 

17. a"fiV^±(c!+5)a;=Q, ffl'*Vfl:'±(a+<!)3;=n, 

18. (a4-5)V±(Ke=n, («+<!)'^±to=G, (6+(;)'x-'±ca;=Q 

19. («+5)V±(tt+ft)a;=n, (ci-^ e)'a?± («+«>=□, 

20. (a— 5)V±:(»+fi)a!=Q, (a— c)V±((i4-fl)iC=n, {b—(^-'x?-±(h 
-[-<;)!B=n ; «i *j "j «i. «)/i '''j "li'j having any values, cjtocpl ii| 9, 
10, 11, where they muet.bo such as to make the coefficients o'ix^ □'*■ 

Formula [15] solves No. 1, of the above castas. To solve So. 3, 
substitute b for d, o for e, and a for/, in [14] ; then will 

i (»'^'— «v— i^'c*)'— 4tt'5'c^ y , 

^—8aWc%aW—a'd'—b'c'){am-d'<^+^c'){M^+aV—b^o')" ■'-^'■l- 
To solve No. 3, write c for d, a for e, 5 for/, in[14] ; then 

-; (a'b^—a'c'—bVY—4aWt? y 



[!«]• 



To solve No. 4, put a for d, e, and/, in [14], and 
,_ < (»-i'-^V-6Vy-4a-W !■■ 

To solve No. 5, write b-\-o for cl, «+c for e, and a+A for/, in 
[14] ; then we shall have 

i lmV(a+d)-aW(a+e-)-b'^(b+e)l ■- 

'^8<«W[o'4'(<.+S)-oW(«+o)-SWCS+c)].:ii'S>(o+S)-oW{o+10 



+JW(i.+o)).[<i'n«+«)+<''A<>+c)^S',!\J+o)] 



■ [20]. 
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24 

bHV+etx={^y{A'+Sa^c*ev), c'(V+/te^(^)'(A'+8a'5yu) ; and 

since each of these three binomial factors is a □, 

. ■• (['iW-|-d;ai=(t)'(A^+83Vrfy)=(J)'(l 1725 9r299'?21 691V 75449- 

94691400'724)==Q, 

fi"(V+e?;e^(S)'(A'+8aVeu)=(S)'(l7V8601390V0384369048581T- 

32007492)'=n, 
e'/!V+/i'^:^(g)=(A'+8«=Syw)^(^)X36V6658'73t4197756V378862- 
842430140)'— G- 
24. To find Si numbers, such that if the square of the first be 
added to the second, the square of the second to the third, the 

square of the thii'd to the foui-th, and the square of the nth 

to the first, the respective sums shall all be squares. 

Solution. (1) For two numbers, x, y; then a^+!/=D, and 
y+*=U- The first expeesion is a squai-e when y=2x-\-l, and the 
second becomes 4a!'+5c«+l=:n=^ i ^x—\\ , then a!=^. "jT ^ . 

(2) For three Nos., x, y, z; then <^-\-y==C\, y^-\-^=r!\, !?-\-x=^. 
The firHt expression is a square when y^2»-{-l, the second when 
z^4:e+3, and the third becomes 16.i:'-f25a!+9=n^ (-^— 3y_ 
Reducing, a=^££±^- (3) For four numbers, «, y, a, w; taking 
i/^2vt!-|-l, fi=ix-{-S, w=8j;-]-7, the first three expressions will. be 
sqnai'es, and the fourth becomes Qix^-l-llBx-i-iQ^^^ ( ^x — 7 1 , 

Roduoiuff, a,=ll2£+AlM!.> and thence y, le, tc, are known. 
p^ — 64$' 
(4) For n numbers, we pei-ceive now the derivation of the suc- 
cessive assumptions of y,- 2, w, &o., from that immediately pre- 
ceding, viz., multiplying the first tei-ra by 2, and the second by 2 
and adding 1, as follows: x+0, 2x+l, ix+a, Sx-\-1, 16^+15, 
32j;4-31, &c., in each of which assumptions, the coefficient of the 
first term is a power of 2, and that of the second, the same power 
of 2 less 1. Now, putting K^^number of quantities less I, the last 
assumption will be 2'''ie+2* — l,^tho value of the nth quantity, & 
the square of this +:,^2*«a!'+(2*»+i— 3''+i+i)a-+C2"— l)'^n= 
■ ('^,._(2-_i))^ then will ^^%>g(2''-n+(2^^^;~2^+i+l)g_' 

and theiioe all the remuining quantities become known. 

For three numbers, let s=^2, then x — ^y~t .. jL... agreeing with 
' ' ^"—16^' ' * *' 

the value of * in (2). For four Nos., let s^a, then ai^lM±lif2' 

agreeing with the value of a; in (3), &e.; in which values of x, p, 

q, may be any numbers that will make the denominator positive. 

By putting :s^l, 2, 3, 4, Ac, successively, each supposition will 

give a different value of ic; thus in fact constituting answers to as 

many distinct problems, each perfectly general, and from which 

the preceding quantities, y, z, w, &o., are readily found. 
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